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We consider the problem of a layered-nonhomogeneous body such that the elas- 
tic constants of the isotropic medium depend exponentially on the Cartesian 
coordinates. Poisson's ratio is assumed to be constant. Making use of the Airy 
stress function and of expansions with respect to a small parameter, we construct 
the solution of the first fundamental boundary value problem of the plane elas- 
ticity theory for a circular domain when on the circumference we are given the 

radial stresses as continuot~ f~nctiom of bounded variation of the polar angle. 
This problem has been investigated in [1] by the method of successive appco- 

ximations with the aid of the complex representations given by the authors of 

[2 - 4]. The convergence of the successive approximation process has not been 
proved. 

In problems with nonhomogeneous elasticizy the complex representations pre- 
sent no advantage, therefore we will apply the Airy function method in that ver-  
sion in which it was used in [5], in conjunction with expansions withreapect to a 
small parameter, characterizing the nonhomogenel~. We give a recursion pro.- 
cess in o~der to compute the functions which are the coefficients of  the power 
series and we prove the convergence of this series. An example is given. 

1 ,  In the plane problem for a nonhomogeneom isou'opic medium with a constant 
Poisson's ratio v, with a nonhomogeneity in the form of an exponential function and in 
the absence of body forces and temperature stresses, the equation for the Airy function 
F in polar coordinates has the form 

A A F  + 2 q P F  -S q~AF = q2 i -.-.v Q F  (i.l) 

( a si,,,r a IA  F . I a X 
P F = .e'°~ ep ar r ~¢p . ' 7 ~ "  + ~ -~ r~ oep 

r Or r z ~w-'l-=sin2ep'~'\Tvw/J 

where g is a small parameter characterizing the exponential dependence /z ----- /z0eq:: 
of the modulus of elasticity of the medium. Here x is a dimensionless abscissa related 
to the radius of the circle r = a. At the boundary of the domain the stress function 

F (r, (p) satisfies the boundary condition 

i aF i a"F I = 

((P) (t.2) 

In addition, F (r, (p) is bounded for r ~-- 0. The solution is sought in the class of 
analytic functions in the form of a power series in the small parameter q 
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F (r, ~) = Fo (r, ¢p) + qF1 (r, ¢p) + qSF s (r, ~) + ... + q"F,, (r, @) + ... 
(i.~) 

The first term of the series (1.3) con~l~n~ to a body subject to the same load but 
assumed to be homogeneous. The subsequent terms introduce the corrections due to the 
nonhomogeneity. As a result of inserting (I. 3) into Eq. (I. I) and taking into account 
the boundary condiziom (I. 2), we obtain the following system of boundary value prob- 
ferns for the coefficients of the series (1.3) with the corresponding boundary conditions t 

1) AAFo --'~ 0, where F0 satisfies the boundary condition 

and 

i aFo i a2Fo I = 
r Or +" r-' bq )'~ tr--~ 

~(q)) 

F0 (r, ¢) is bounded for r = O; 
2) AAF~ = --2PFo 

& A F ,  = - -  2PF,~_I - -  AF,,_., + ~ QFn_,., 

(1.4) 

,, = 2, 3 .... (1.5) 

where all F a (r, q)) (n = i ,  2, 3, ...) satisfy the zero condition at the boundary of 
the domafn, i. e. 

i aFn I O~'Fn I = 0 (1.6) 
r ~r -i- ta #¢pz ~,L 

and, in addition Fn  (r, q~) are bounded for r = 0. 
Making use of the solution of the first fundamental boundary value problem for a 

homogeneous medium, given in [4], Sect. 54. we have 

I ] Fo(r, (P)= ~----~ r s + ~, L a ( ~ t )  9 . t m _ t  ) (ctmoosm~-4- ~,~sinmq~) ( t .7)  
Trtmffi2 

where cto, ctm, ~m are the coefficients in the expansion of ~ (¢p) in a Fourier series 

z (~0) = -~- + (o~ cos m~ + ~ sin ra~) (t.8) 
rt~==l 

The remaining coefficients of the series ( l .  3) have to he d.~termined from the rectomion 
system (1. 5) with boundary conditions (1.6). We assume that the coefficients up to the 
( n -  1)-st inclusively, have been found. Then the left-hand side of Eq. (1.5) represents 
a continuous function of both arguments (by virtue of the oroperties of the operators P ,  
Q, A) and can be represented bv the trigonometric series 

q) (r, qD) = ao (r) + ~,  am (r) cos rn(p + b,~ (r) sinmcp ( t .9)  

We seek the solution of Eq. (1.5) with the boundary conditions (1.6) in the form 

F~(r, q~) ---- [0" (r) + ~ /,n'~ (r) cos mqD + g~" (r) sinmqp (I.I0) 
Tntm I 

Here and in the sequel, the superscript of the coefficients of the series expansions indi- 
cams the index of the coefficient of %he series CL. 3) for which the expansion is obtained. 
Inserting (I.10) and (1. 9) into Eq. (1.5), we separate the variables and we obtain a sys- 
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tern of diHerenCial equations fct the coefficients jr~" and gin" (m = O, 1, 2, . . .) of  
the series(1.10) / I d , d2 \= 

t "7 -  "~r  -~ 7~r=) ]0"  (r) ----- ao (r) 

- ; ' - d 7  d dr" r-' / ~i (r) = a t ( r )  (1.11) 
• . . , , , , . , . . • , • , • , . , , 

~ -r" ~r" r" (r) = a~  (r) 

• • • • , , o ° . , , • . o . . o . • . , 

From the boundary ¢oaditiom (1. 6) we obtain the coaditiom for ]m" (r) at the bound- 
aty of the domain 

i d/°n I = 0 
r d r  r--=l 

t d / , ~ "  m2 
r d r  t a /mr= [r.=x ----- O, m -- i, 2, 3 . . . .  ( i . t 2 )  

We have similar equation= and boundary conditions for gm n (r). In addition, [mn (r) 
and gm n (r) m in t  b¢ bounded for r = O. The Green function= for each o f  the equa-  
tions of the system (1.11) with the boundary conditions (1.12) allow us to define 

1 o o  1 

0 m ~ l  0 

1 

(r, ~)bm (~) d~J ~ ( i l 3 )  
0 

where r o  (r, ~), r m  (r, ~) am the Green functiom f ~  the bou~ary  value lxoblerns 
(1.11) with the boundary conditions (1.12) 

i/s (2~* In ~ d- 2r=~ In ~ -+- r=~ d- ~ - -  r=~ ~ - -  ~a), 0 ~ r ~ ~ ~ i 
r0 (r, ~) - -  ( l/s (2i= In r ÷ 2~r: In r - r=i + l a  r=t,s), 0 ~. ~ ~ r ~ i 

t ~/~t (2P~ = - -  r*~ ~ - -  2r~ = + 2r~ ~ - -  P - -  4r~ ~ In ~), 0 ~ r ~ ~ ~ t 
1" l ( r , ~ )  = ~/z*(2ra~ ~ - r t ~  ~ - r - ~ g  ~ + 2 r ~  ~ - 2 r ~  ~ - ~ r l n r ) ,  O ~ r ~ t  

r (r, ¢) = 

i [ (~m+i ~m+3 ~3--m ) 

( V,m+l ,-,3 )] r 'm+~ . . . .  ~x-m 
m i + m  m ( i  + m )  ' 

, t - - m  q" m r e ( i - - m )  

[ r m r m ÷ 2  

Thus we obtain 
t x ~  i T,[ 

F1 (r. (p) = - -  . - 2 -~ .1  " 2 (rn ~ 2) 

m(m-~i) ' O~r~l, m==2,3 .... 

~ * "  ~ 2 ~ ]  ~ .'---"2 :- (a~,~ cos m9 ÷ ~,,,~sinmcp) 
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aD 

3-4v 
2 112 -3m-i +4v(m+i) %I 

m-s 
(m +3) %+*’ m+6+ ( 4(m+i)(m+3) am+a + 2(m+i)(m+2 x ) 

PM+ h-i-4v(m+Qh+, _ ( aTn 
m 

4 (m + 1) (m + 9 2(m+i)(m+2) rm+2 + ) 
(1.15) 

( 
-3m+i+4v(m+i)’ ‘rn 

12(m+i)(m+3) am*+2~m+~~~m+2~) 1 
rT co9 mcp f [. . .] sin mcp 

1 

Here and in the sequel, the dots in the brackets at Sin mcp (m = 1, 2, 3, , . .) indicate 
that in the brackeo we have the same polynomial in r as at cos mcp witn tne substitu- 
tion of Qm by Pm. As before, a,,, and pm are the coefficients of the Fourier seties 

0.8). 
By mathematical induction we can prove that the nth coefficient of the seties (1.3) 

has-the form 
F, (r, cp) = 

* -r 
2FL;;:vp Lao” + j, a,,,” cos mv’+ b,,,* sin mcp] (1.16) 

h =n/2 for ILSO, n = 2 (mod 4) 

3c = (n - 1) /2 for n zz 1, n= 3 (mod 4) 

where the ccefficiena of co9 mcp and sin mcp (m = 0, 1, 2, . . .) are polynomiab in 
roftheform 

%” B a, m+*n+2r 

n 
m+2n+2 + a”,, m+,n rm+‘* + . . . + Urn, *+~r”+’ + a”,, drn 

b,,,” = pz, ,,,+,,,+,rm+an+s + G, m+mrm+an + . . . + (3%. m+srmyL -I- 13”m, dm 

In addition, kom the Eq. (1.5) it follows that ump and b,” can be e-d in terms 
of the coefficients of the expansions of Fnel and F,,,, From (1.16) and (1.13) we 
obtain by suaigbtforward computation the expressions for a,,,” 

G”= 1 *(1 - V)’ d&i. m+m+l - 
f n+2 

n (n + fl 
am+t,m+m X 1 

Pm*+’ - (72 + 1) rmta + nrml, + [+ (1 - V)’ dZi. m+sn-1 + 

2 (i - vy i n-2 2 (1 - 2v) 
m+n dz m+nL-1 - (n-i)n Cr, a. mm-2 - 

nOnA- 
qL2n-2 x 

1 

[rm+* - nrm+a + (n - 1) rml + [& (1 - V)’ 48;:. m+m-s + 

2 (i - v)8 i n-2 

m+n--1 GZ, m+2n-3 - tn 
- 2) in - 1) 

a,+2, m+2n-4 - 

2 (I- 2v) n-* i 
n(m+n) %I. m+m-4 - (m + n_2)~m+n_~)dZm+*-al X 

[pwn-2 - 
(i -i)rm+2+(n-2)?]+... 

[ (4 - $a dkQ\, m+3 + =&- (1 - V)” &Zi. m+3 - + 42, m+2 - 
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a,~, ~+. - -  (m + i) (m + 2) J 
[r-+, 2r~+~ + pro] (i.iT~ 

0 i for n = = 0 ,  n m 2 ( m o d 4 )  
8 = for n = t ,  n ~ 3  (mod4)  

The coefficients bmn for the ~ p o n d i n g  values o f  n ate obtained f~om (1.17)  by 
changing ~,~ m~ ~,,.  

~-. We define the norm of  the function F (r,  (p) as the lure of  the alz~olu'ee values 
of  the coefficients of  its expansion in the tr igonometric series (1 .10)  

¢ m  

II F .  (r, ~) A ; Y, (I I+"  (r) I + I g.~" (r) O 

According to this definition 
~ 0  

From (1 .16)  we have ra--x 

, t I a,~" I, I g . "  (r) I ffi 21~ (~ _ ,,)x l f~"  (r) I = 2 "  (t - ~)~ 
From (1.14) and (1.15) we obtain at  once 

I (Zm÷l [ 

10{m+ 1 

1(~,,~÷2 ~ : " m + 2  ' 

I ( ~ , - , l <  ~ ( . ~ + m  ' 

{ ~m4,2 [ { ~ ,  "+, { < 6 ' (~ .  ~) 

I~,~ I 
I ~,,~+,l < ,,; ÷ 3 

: < S 

[ 2 2 

The formulas (1.17)  allow us to estimar~ I s 4 an ,  m+~, [ and[  ,n+~ P ~ .  l f~e = 0 , 2 , 4 ,  
. . .  i0 .  We obtain 

[ (~3 t 
-,  - - {  < 3 (m ; 4" I ~-+~ {, 

{ 0" s 2 

3~ 
I ~ ,  ~÷,1 < - r ~ - +  4 t ~--,  f, 

[ a s 3 s 

i 

1 ~,- ;÷~ 3 I < ~--~3-1 ~+,1 

34 
1 ~ . , . ÷ ,  I ~ ~"~--¢-r I ~ - ~  I 

94 3 ~ 

[ 4 2~ 
a.+..~l < ~ I m.-,I 

By mathemat ica l  induction, with the aid of  u~e formulas (1.17),  we can prove that 
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,, 3 =("-=) 
la= . . . ,1<  m + n + ¢  10~-n.,l 

and ] 04~, ~.~1 is the greatest among I =,?a. ,n.p ] far p = 4 ,  6 . . . .  , 2n - f -2 .  From 
(3.. 3.7) for n ---- 1, n ~ 3 (mod  4) we have 

l a . " l ~ 2 ( n  + t)I ~ ,  m.,..,l + 2,=1 ~ ,  ~.+,~ I +  2( .  - t)1 ~ ,  m+~-,I ÷ 

" 3 ~"-=)n (" 4-3) 
2 " 2 1 a ~ , . , , , . ~ J < l a , , , , , + 4 1 n ( n ÷ 3 ) < m + n +  1 [ a.,,,-,,,= I ( 2 . t )  

The es t imate  obtame..d holds for m > (n -- t ) .  F¢~ 0 ~<~ m ~ n -- 2 

3=("=In (n 4- 3) 
l = ' n l <  m-.nn+  l ol 

fol lows from the properties of  the operators P and Q which occur in the le f t -hand 
side o f  Eqo ( 1 . 5 ) .  Thus 

8="-=) (. + 3) I a.,,_,~.= I, rn ~ , .  t I I . . "  (r) < 2" (t - .)x 

a="-') ( .  + 3) l ~ 1, lira" (r) l < 2 "  (1 - -  '9) ~ O ~ m ~ . - - 2  

Sim/lar  es t imates  are obtained for I g~. (r) I • From here we obtain the following est i-  
mate  for II F. 11: 

3 t("-i) (. "4- 3) (tl -- 2) CI 
H F,, (r, q~) n < 2" (~ - ~)~ 

Thus, the ser/es (1 .3)  is major lzed by the series 

~ ,  3 =("-2) (n ~ 3) (n - -  2) C~ q', 
2 =" ( t  - -  v)x 

which converges absolutely for [ g I < 1/3" 
It  should be noted that  actual ly the boundary of the convergence of the series (1. 3) is 

much wider. Moreover. as it  will he proved later,  even for I g I - -  1.6 the series con-  
verges sufficiently fasL 

$ ,  The solution of the first fundamental  boundary value problem for a nonhomogen-  
eous circular  domain,  loaded on the conwur by a uniform radial  s=ess o (q~) = p, is ob-  
tained from the solution for the general  case. 

Thin. from ( I .  7), (1.14),  ( I .  15) and from the subsequent expressions for Fs, F4, F s 
we have 

I I - -  2v 
Fo = " ~  pr=, Yl ---- 0, F2 =ffi - -  2e (t - -  v) p (t - -  r~2 

t - -  2v 
F,  == 2s" 3 (t - -  v) pr  (t - -  rt) 2 cos ¢p 

t - - 2 v  [ ( ~  5 - - 2 v  t , 3 ~ 2 v \  
F4 ---- - -  2" (i - -  v) = p r '  - -  ~ r t -4- ~ ' -  r- - -  - - " ~ ' - )  4- 

3 2--44v r= ( t -  r,)2 cos 2~]  
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t== .2~o( l_v )zp  r T ~  ~ r s + 4 ~ - - ~ r S - - ~ r  c o s c p +  

t --2v j 
(t - -  r=lfr = cos ~p 

From here we obtain ~ expremiom for the sU~-_ss componen=,  cor~pondlng to r3~ f i rst  
five terms of  the series ( I .  3) 

6r ° m, 6~ ° := p, T ~  ° =ffi 0 

6,:' = %z = O, 'rt~ = 0 

(1 - -  2v )  pq: (1 - -  2v )  pq :  
z , ~ =  2 ' ( 1 - - v )  ( 1 - - r = ) ,  ~ = =  2 4 ( i - v )  ( i - - 3 r = ) ,  ~ = 0  

~r 3 = (t -- 2v) pqa . . . . .  (t -- 2v) pq~ 
- -  2~3 (1 " v )  r (1 - -  r-~ co5 ¢p, %s == - -  243 (1 - -  v) r (3 - -  5rt)~cos ¢p 

~,., = ( t -  2,)  pq, 
- -  2 ~  (1 - -  v )  r (t - -  r=) sin q~ 

(1 - -  2v) pq4 [4 (3 - -  2v) r= - -  8 + (3 - -  4v) (t -i- r=) cos 2¢p] (t - -  r=) z,.4 = 21o3 (t - -  v)= 

( i  -- 2vl pq4 
%4 = 21o3 (1 __ v) ~ [ - -  20 (3 - -  2v) r ~ + t2 (5 - -  2v) r~ - -  8 - -  (3 - -  4v) ( i  - -  

t2r= + t5r ~) cos 2¢p], ~r~ ~ ~ (t -- 2v) pq~ 6e= 2 ~ 3  (t - -  v)~ [(3 - -  4,e) ( - -  t + - -  5r~)] s i n 2 ~  

- -  2 ~° (t - -  v)= r~ - -  ~ r cos ~ + 

(1 - -2v)  1 (1 -- 2v) pq~ 
T ( 2 r . - - 8 r . + 6 r ) c o s 3 c p j - ,  ~ s - -  2~o(t__v) . X 

3 , ~ , r + - - - T - - "  c o ~ + ~ ( 3 r - -  

200 + 2t r  t) cos 3~p ~r~ == (t - -  ~v) pq" • + - -  ~ + 
' 2 ~o (t - -  vF" ~ - "  

. 2 ( 4 - - ~ )  ] t - - 2 v  } 
9 r sin ¢p + ~ ( 3 r ~  - -  4ra ~ r) sin3cp 

T a b l e  1 .  

S ~'esses 

a'ro ~- ~rl  

~r4 
~r5 

0.0 

1.00000 
t .09143 
1.09143 
1.08064 
1 .O8064 

t.00000 
t .09t43 
1.09143 
t .07438 
I .  07438 

0.2 

1.0CO00 
t .08777 
t .097t3 
t .08753 
1.08839 

1.00000 
1.08046 
1.10777 
t .09589 
1.09137 

OA I 

t.00000 
t .07680 
t .09318 
t .  08676 
1.08769 

t.00000 
t .  04754 
t .09O45 
t.09077 
t .  08537 

r 

0.6 

t.00000 
t .  05851 
t .07723 
1.07490 
1.07400 

t.00000 
O. 99269 
i .02780 
t.04044 
t .03~47 

0.8 

1.00000 
t .03291 
t .  04695 
1.04764 
t .04703 

i.O0000 
O. 91589 
0.90809 
O. 92044 
O. 92371 

i.o 

t.00000 
i.O0000 
1.00000 
t.00000 
1.00000 

1.00000 
0.81714 
O. 71962 
O. 70152 
O. 70323 
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In Table 1 we give the values of the successive approximatiom foe the stress compon- 
ents in the f~m 

l 1 
~'~ = T (2,° ~- ~'~ + "  ~ ~ ) '  %" = 7 (%° + %1 ÷ + %-) 

foe the values ~ = 0, q = -- t .6 ,  v = 0.3, which correspond to the values of the para- 
meters in [1]. This allows us to compare the results. 

Thus, the presence of nonhomogeneity implies the formation of shear streues, although 
insignificant in magnitude. In addition a quantitative variation of the maximal values 
of ~r by 9~ and of a= by 30%. is observed. 
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ON THE MAGNETOELAST~C~T OF THIN SHELL~ AND PLATES 

PMlvl VoL37, I~1, 19~3, pp.114-130 
S. A. AMBARTSUMIAN, G.E. BAGD~ARIAN and M. V. BELUBEKIAN 

(Erevan) 
(Received May 10, 1972) 

We con~der some problerr~ of magnetoelastic oscillations of thin elec12-ically 
conducting plates and shells situated in a stationary magnetic field. On this basis 
of the solutions, obtained by the method of asymptotic integration of the three= 
dimensional equations of magnetoela~ci ty ,  we formulate a hypothesis relative 
to the ch~acter  of the variation of the eleclzomagnetic field and of the elastic 
displacemen~ along the thickneu of the shell. This allows m to reduce the 
three-dimemional equations of magneT~elasticity to rwo-dimenslonal ones, which 
facilitates in an emential way the study of the magnetcelastic ixoblems of chin 
bodies. 

The problem of the investigation of magnetoelastic oscillations of eleeU, ically 
conducting shells in a magnetic field reduces to the simultaneous solution of the 
equations of magnetoelasticity m the domain occupied by the shell and the 
equations of the elec~rodynamies in the exterior of the shell. The equations of 


